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Property 7. (Zhang 2017) If P € R™*"™ is a permutation
matrix, then PTP = PPT = 1.

Property 1. For A € R™*"2 then nuclear norm satisfy row
(or column) permutations invariance, i.e. | PA|. = || A|| for
any permutation matrix P € R™*™ (or |AP||. = ||A]«
for any permutation matrix P € R™2*"2),

Proof. ||PA||« = ||A||« by Property 7 and the unitary invari-
ant norm property.

Similarly, we can get | AP||. = ||Al|« for any permutation
matrix P € R"2%"2, O

Theorem 2. For Y € R™*" D (Y) = P~ 'D, (PY)
for any permutation matrix P € R™*™ (and D,(Y) =
D.(YP)P~! for any permutation matrix P € R"2*"2),
where D, (Y') = arg minyx %HY — X||% + 7| X||+, and P~*
is an inverse operator of P.

Proof.

P'D,(PY)

1
P larg mZin §\|PY —Z|% + 7)1 Z ]|«

1
= argmin _ ||[PY - PX||% + 7| PX]|.

1
argmin o[V — X7 + 7| X[, (D

where the second equation holds by letting X = P~'Z, and

the third equation holds by the Property 7 and Property 1.
Similarly, we can get D.(Y) = D,(YP)P~! for any

permutation matrix P € R™2*"2, O

Property 2. For A € R™*"2X"3_ then Z?:l a;il|(A o
PEY e = Z?zl ail| Ayl for any slice permutations
PR e (k = 1,2,3), where Aqiy represents the mode-i
unfolding matrix of A, (Ao PW)(k = 1,2,3) stands for
the result by perform horizontal slice permutations, later-

al slice permutations and frontal slice permutations on A,
respectively.
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Proof. For any slice permutations P (k = 1,2,3),
exist permutation marries P; and (); makes (A o
P(k))(i) = PAHQ; for i = 1,2,3. Therefore,

S aill(A o PE) oyl = Z?:1aiHPiA(i)QiH* =
S il Ag O

Theorem 3. S, ()) = S, (YoP®)o(PW)~1(k = 1,2,3),
where 8, (Y) = argminy 3|V =X} +7 30 | X .

Proof.
S (Yo P®)o (Pt

3
1 B
:(argmzm §||y oP® — Z|2 41 E il Zeyl|«) o (p)y~—1

i=1

3
1 k k)2 k
=argmin [V o PY — X o POE 473 " ail|(X 0 PW) 3|

i=1

3
1 ,
:arglgngﬂy*XHF+TZ%‘||X@)H*, 2)

=1

where the second equation holds by letting X = Z o
(P(k))’l, and the third equation holds by the property of
P*) and Property 2. O

Property 3. (Horizontal SPI of tensor nuclear norm) Tensor
nuclear norm satisfy HSPI (Horizontal SPI), i.e. ||A|. =

|.A o PW|\,, for any horizontal slice permutations P™%).

Proof. By the definition of beirc(.A), exist two permutation
matrices P and @ such that beirc(AoP ™)) = P-bcirc(A)-
Q. Therefore, [ Ao PW . = [[AcPWD]|,,. = ;L ||bcirc(Ao
PW)|l. = -L[|P - beire(A) - Q||«. By Property 1, --||P -
beirc(A) - Q|l. = -|[beirc(A)[l« = [|Alla,« = [lA]|.. Thus
A0 PO, = || All..

O

Property 4. (Lateral SPI of tensor nuclear norm) tensor
nuclear norm satisfy LSPI (Lateral SPI), i.e. ||A]|. = || Ao

PO, for any lateral slices permutations P,

Proof. Similar to the proof of Property 3. O



Property 5. For same circle C* = {iy, i, ...,ip,, i1} and
Cc? = {ik,z’kﬂ,...,z‘m,.. ik_1,0k )

HAO ”* - ||~A P0r2||*>
where Or' = {iy, iy, ..., i, } is obtained by C*, and Or* =

{8k, Lht1y oy ngy -y 1k—1 } IS Obtained by Cc?.

Proof.
beirc(A o POrl)
A:mh hing A,i,i?, A i2
A:,:,ig 10,01 e 1,04 5,013
A7 ying—1 A:7:7iﬂ,3—2 Aﬁh ‘Azw:yins
A, Hising A‘;',in3—1 T Ai,i,iz *Aimil
‘Ai,i,ik “4 yhlk—1 T A k42 ‘Aiﬁ»ik+1
A:,:,ik,+1 «4:,:,1';C A.,.,zk+3 A:,:,ik+2
- : : :
A:,:,ik_g A:,:,ik_;; A:,' 1k A:,:,ik_l
i lk—1 ik —2 A:,:,2k+1 ~’4:,:,i;v
= beirc(A o 7?(3)) (3)
ThereforeHAOP || = ||A o P! rlHa* = ||bcirc(.AO
3
Pl T%HbCH"C(A o PEM. = [l Ao 7’( Dl =
3
A0 P O
Theorem 4. For same circle C* = {iy,ig, ..., in,,i1} and
C2 = {ikyik+17 ey Z‘77437 "'77;k717ik})
_1 -1
D.(YoPL)oPSl =D(YoPSh)oPEL 4
where D.(A) = argminy 3[4 — X|3 + 7]X].,
or't = {1,192, ..., ins } is obtained by C!, and Or* =
{ikyiha1y oring,s oryig_1} is obtained by C*.
Proof.

3 —1
— Z|2 +7Z]) o PA

(argmmfﬂyo Orl
= argmin 2 [0 P — X o PEL[3 + 71X o PEL.
= argmin S|V — X[ + 7% 0 P

where the first equation holds by letting X = Z o (77((,3) )t

r1
By Property 5, ||X o P(()‘?l Il =||X o (()i)2||* Therefore,

o1
argm)énilly - X|%+ )X OP(()?;)lH*
o1
=argmin— ||V — X||% + 7| X o 0r2H
X 2
Or2

1 3 3
:argm/éniﬂyo 8 _—Xxo P(ran T||XO7D(()r)2||*

1 -
~(argmin 5| Y 0 PG — 2|3 + 7IZ)L) 0 PSS

where the third equation holds by letting Z = X o (P(3) ).
O

The conclusion holds.

Property 6. For A € R™*"2X"s_jfns < 3, then tensor
nuclear norm satisfy frontal slice permutations invariance

(FSPI), ie. ||Al« = [|Ao P(()i)H*for any frontal slice permu-
tations POr)
Proof. For ng = 2, let B..; = A.. and
6:7:,2 - A:7:71. Thus bCiI‘C(B) = B::; g::i ) —
A:,:,Z A;7;71 »A:,:,l A:7:72 B
A:,:,l A 52 — ( A 2 ~’4.’:11 = bClI‘C(A)
Therefore, » = | Allva = ||B||* o = IBll..

For ng = 3, there is only one circle. Therefore, || A|. =

Ao P& ||.. by Property 5.
Thus, the conclusion holds.

O
Theorem 5. For ) € R™*"2Xn"s jfng < 3, then
D.(Y) =D, (Yo PH®)op®™ )
fork =1,2,3.
Proof.
D, (Yo P®)o(P®)!

1 B
~(argmin S |Y o P — Z|[3 + 7)1 2]1.) o (PX) !

1
=argmin o [[¥ o P®) — DF + 7llx o PR,

1
:argrr%niﬂy—XH%‘f'THXH*a (6)

where the second equation holds by letting X = Z o
(P(k))’l, and the third equation holds by the property of
P*) and Property 3, 4 and 6. O
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